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AVERAGING IN PROBLEMS OF THE BENDING AND OSCILLATION
OF STRESSED INHOMOGENEOUS PLATES”

A.G. KOLPAKOV

A method for describing on the average the bending and oscillation of
strongly inhomogeneous plates, stressed in their plane, is proposed. A
problem that arises in various fields of engineering differs from those
considered in /2-4/ in that the operators are not known a priori to be
of fixed sign.

1. The bending of an inhomogeneous stressed plate. We consider a plate with
irregular thickness of irreqular elastic constants (ribbed or composition). Let forces be
applied to the plate that produce in its plane a stressed state oyf(Xx) (the parameter &
characterizes the degree of irreqgularity). In the context of the Kirchhoff-lLove hypothesis,
the equation of equilibrium may be written as (w?(x) is the normal bending of the plate)

/1, 5/
— Lew® + Mow® = [D® () + vlw)], u + 2[D*(1 — v9) ] 12 + (1.9)
[D# (Wia + vewln)], e — [00%°4],1 — [012%°], 2 — [Oarfwle), 1 —
(0222} 2], = (x)

The flexural rigidity D?(X) and Poisson's ratio v¢(x) (we consider locally isotropic
plates) depend on the space variable x e=Q; QC R* is the bounded domain occupied by the
plate. As the dependence of D¢, v¢ on X, we take /2, 6, 7/ D®(x) = D (x/e), v¢(x) = v (x/e), where
the functions D(y), v(y) have the characteristic size of oscillation equal to unity. The
stresses 0y,%(x) in the plane of the plate are also functions of x with the characteristic
size of oscillation equal to the characteristic size of the irregularity e. For e<1, i.e.,
in the case of strongly irregular plates, in order to describe the bending and loss of
stability we use /2-4, 8/ the asymptotic method of homogenization /6, 7/.

Problem (l1.1l) will be studied asymptotically as &€ — 0 with the proviso that the plate
edges are rigidly clamped (we know /1, 2/ that this is equivalent to considering (l1.1) in
functional space H2(Q) /9, 10/). We consider the problem in the abstract statement. Given
the sequences of linear selfadjoint operators, bounded uniformly as &— O

Le, L: H*(Q)— H2(Q); Mo, M:H (Q)— H*(Q), 0<Lk< 2 (1.2)

(for the definition of a space of type H%(Q) see e.g., /9, 10/). The operator—L, is the
sum of the first three terms of the left-hand side of (l1l.1), while —M, is the sum of the
remaining terms, which describe the influence of the stresses in the plane of the plate on
its normal bending. Let the operators L, and L be positive definite: there exists c >0,
independent of &—0, such that <L, u), >cllully® for any uecs H2(Q) K->k |l * llx is the
operation of pairing and norming in HX(Q) /9/).

*prikl.Matem.Mekhan. ,51,1,60-67,1987
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This condition is satisfied if there exists ¢, >0, independent of e— 0, such that
D (x)<K1ley, 6Kt —v8(x) (e.g., if the material characteristics and thickness of the
plate lie in an interval, independent of e—0). DNotice that £ can be understood to be
either a continuous nor a discrete parameter (e.g., &= i/n,ne N).

Definition 1 /11/. The sequence of operators Ag: H," (Q)~H"" () is G-convergent to
the operator A: H™(Q)—H™(Q), 1if, for any *=H"™{Q) 4, v* > A w* weakly in
H™{Q) as e—0.

Definition 2 /12/. The sequence of operators A, H,"{Q)—~ H™(Q) is strongly con-
vergent in H™™ (0} to the operator 4: H" (@)~ H™ (@), if, for any ue H,"(Q) Au— Au in
H™{Q) as e—>0.

Proposition 1. Let the sequence (1.2) of operators L, be G-convergent to the operator
L, and the sequence (1.2) of operators M, be strongly convergent in H™*(Q} to the operator
M. Consider the problem

~Lw + Mw = §f (1.3)
Provided that A =1 is not an eigenvalue of the problem Lw ==AMw (condition A), the
sequence of soltuions of problem (1.1) w®*—w weakly in H 2 (Q) as &0, where w is a
solution of problem (1.3). '
For the proof we require some preliminary lemmas.

Lemma 1. 1If the sequences of operators L, M, are convergent to operators L, M in the
sense of Proposition 1, then, if condition A holds, there exists a number ¢>0, independent
of e-+0, such that

dist{{1), Spy= inf [1—z|>0 (1.8
x&8p,

where Sp, is the spectrum of the problem L,w= AMw.

Proof. 1°. We shall show that the G-convergence of the sequence of operators L HP (Q) =~
H~2(Q) to the operator L implies that

VLt — Lt la=o(), 0<I<2 1.5)
(For operators |-la,p we put [lga_ s

The operators L;?, L7 H ()~ H?(Q) exists by virtue of the conditions imposed on L, L,
and hence they are defined as operators of HH(Q)C H (@) and H QD HLA(Q). If relation (1.5)
is violated, there will exist 8>0 and {u,*} " F*{0) such that fu,*l:=1 and
1Lt — Llu sl > 8 (1.8)
Since [u*l-s<lg*l:<1 and the imbedding of H'(Q) in H*(0) is compact /10, p.123/,
there is a subsequence {u,*}C{u,*}, such that w*—u* in H3Q) as n—0. Further, given any
u* & H-¥(Q) , the sequence [ L, u*};— || Lu*j<co by Definition 1. Then, by the theorem on
uniform boundedness /9, p.269/, the sequence lE, 1)y, is uniformly bounded as e— 0. Then,
LRt — Lty by < L3t g, pllug® — ut s 12701, fug® — u* g | Lhu® — Lt | (.7
The expression on the right-hand side of (1.7) tends to zero as n—0 (we use Definition
1), which is a contradiction with (1.6), so that (1.5) is proved.
2°. we shall show that the strong convergence of the sequence of operators M, to M in
H-*(Q) implies that, with >k,
I My — M, 1= 0of1) (1.8)
The proof can be by similar methods to those used in 1°. In fact, if {1.8) is violated,
there will be a number §>0 and a sequence {u.}, {v,} C Hy' (0 {4, 01, [ vt =1, suchthat |Mu, —
Mu,, v1]2> 8. Noting that the imbedding of space H*(Q) into gP(Q) is compact for co>a™>
B> — oo /10/ and that the | M,fs,.1 are uniformly bounded as e—0 /9/ (see Sect.19), we can
extract subsequencies {up},{v,} such that |[<Muyu, — Muy, vyn|—0 as %N - 0. This is a contradiction,
so that (1.8) is proved.
3°, We rewrite the problem L,w= AM,w in the equivalent form
w= ALIM w (1.9
Notice that the operator L,'M,: H,! (Q)~ H,/(Q), 2> 1>k 1is selfadjoint, and since the
operator Lg% H™ (Q) — H#(Q) is bounded, is compact /9/. By (1.5) and (1.8), and the uniform
boundedness as 8—0 of the quantities L)y, | Mlt,—, we find that

b LMy —~ LMYy, = o (1) (1.40)

Prom (1.10), using /12, p.365/, we obtain
dist {4, Sp,) = o (1}, , Sp) = 1.1
g& ist (&, Sp,) = o (1) %gégzdist (A, SP) = o (1) (1.14)

4°, Let (1.4) be vioclated. ‘Then, there is a subsequence {Ag: Ay = 8p,} such that hg—1
as n3-0. By (1.11), there is a subsequence {A™ A" e Sp} (Sp,, Sp are the spectra of problems
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Low = AM,w and Lw = AMw respectively), such that [ Ag — A —0, n—0. Thus, AM—>1 as 15-—0,
{A"}  Sp. But then, A=1 1s not a limit point of the spectral set Sp of the compact operator
LM /9/. Then, AM—1 as nM—0 can occur only if A =1, starting from some number. But
A=1 does not belong to the spectrum Sp of operator L-1M, by virtue of condition A. This
contradiction proves (1.4).

Lemma 2. Under the conditions of Proposition 1, the sequence of solutions {w®} of
problem (1.1) is bounded in Hg?(Q) uniformly as e— 0.

Proof. We rewrite (1.1) in the equivalent form

w® = LMW — LY (1.12)
and consider (1.12) in the space Hy (Q), 2>1>k Obviously, the solution of (1.12) belonging
to space Hy (Q), also belongs to H2(Q) and is a solution of problem (1.1). 1In view of (1.4),

for the operator [,<!M, we have the obvious estimate (see e.g., /12/)

| (B — LM ) i, 1 < Aleg
in view of which | o®li <Ly 1/ ]-1/fea<< cs, where ¢ <o 1is independent of e— 0. Since the
operators L, are uniformly positive definite as e — 0, the operators L, H?(Q)-~ H?(Q) are
uniformly bounded as e— 0. The operators M,: H," (Q) — #~* (@) are uniformly bounded as e— 0 by
hypothesis. Hence we find that {uw®} e (2| +1) ¢, Where ¢ <o is independent of &—0.

Proof of Proposition 1. By lemma 2, the sequence {v®} is weakly compact in  H2(Q) /9/.
Then, there is a subsequence {u"}e {»°} such that w"—w weakly in Hy?(Q), and strongly in
H (@,1<2 as n—0. By (1.10), L\ *Muw"— L'Mw in H} (@) as n—0. In view of this and
the fact that L% — L% in H/(Q),1<2, as 5 —0 (by virtue of the G-convergence of the
sequence of operators L, to the operator L), we see that we H®(Q) and is a solution of problem
(1.3). This solution is unique, by condition A. Then, w® - w weakly in Hg#(Q) as g 0,
where w is the solution of problem (1.3).

Corollary. Under the conditions of Proposition 1, w®—w in €(Q) as &—0.

For the proof, it suffices to use Proposition 1 and the appropriate imbedding theorem
(see e.g., /9/).

The G-limiting operator L, which is again an operator of plate bending (but now homo-
geneous and in general orthotropic) can be evaluated by the methods of /2, 6, 7/. The operator
M, which describes the stressed state in the plane of the averaged plate, can be found as
follows. Let the stresses o;#(x) be found by solving the problem of theory of elasticity
of an inhomogeneocus plane body /13/, which as the elastic constants E®(x), v*(x), satisfying
the conditions: e < E? (x) << 1/eo, —Uy 4 o KV (%) <1 — o, where ¢ >0 is independent of
e — 0. Then, see /11, 14/, in the case of the first boundary value problem &;;f (x) > 0;; (x)
weakly in L, (Q) as &— 0, where 0;;(x) are the stresses, which are found by solving the G-
limiting problem of the plane theory of elasticity. The method of obtaining this G-limiting
problem is described in /6, 7, 14, 15/.

Proposition 2. 1If the stresses 0;#(X) in the plane of the plate are found by solving
the plane problem of the theory of elasticity of an inhomogeneous body, then the conditions
stated in (1.2) and in Proposition 1 on the sequence of operators M. are satisfied, if we put
2>k>1, 5. Here,

J a
M= 700 5
J j

The proof, which is based on the weak convergence of 0;#(x) to o0y (x) in L, (Q) as e—0

is given in /3/.

Note 1. Problem (l1.1l) has been considered above in the space Hy@ (@), i.e., under the
assumption that the plate edge is rigidly clamped. The results remain true if the edge is
hinged or freely supported, or a combination of these cases /3/. The same applies to the
problem of the theory of elasticity finding the stress o¢;®(x) in the plane of the plate (/3,
Proposition 5/).

2. Natural oscillations of an inhomogeneous stressed plate. The problem of
finding the natural frequencies m® and natural shapes wy®(x) of the plate oscillations has
the form /1, 5, 13/

— Lewy® + Mawy® = " (X) wy® (2.1)
where 0<C ¢y <C p8(x) < 1/eyp (630 is independent of &-—0) is the specific mass of the plate.
The operators L. and M, are defined above. We consider the problem in the function space
Hz(Q) (Note 1 remains true). We define the operator

Ne:uE Ho' (Q)—pt(x)u & L (Q)C H(Q)

The operator N, is uniformly bounded with respect to &->0, as an operator from H (Q),
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1220 in L;(Q). We write problem (2.1) as
Wyt == 0y* (— L + Me)" Nawy® (2.2)
Lemma 3. Under condition A, the sequence of operators — L+ Me:; H 2 (Q)—> H*(Q) is 6~
convergent as e—0 to the operator =—L + M:HZ2{Q)— H2((Q).

The proof follows from Proposition 1 and Definition 1.
Let the sequence of functions p®(x) & L. {Q) have an average in the sense that there is a

function <p) (%) = L. {Q) such that S(ps (x) — < (Nu{x)dx— 0, e~>0 for any ueL,{Q).
Q
The operator N is defined in the same way as N, with p?(x} replaced by ¢ (x).

Lemma 4. For ! >0,
HNe — Nlli,w=10() (2.3)
Proof. Note that, by the weak convergence of the sequence of functions p®(x) to <p> (x)
in Ly(Q), the sequence of operators N,: H, (Q)— H-'(Q) is convergent to the operator N strongly

in H-(Q) for any 1>0/3/. The lemma then follows from Para.? of Lemma 1.
We consider problem (2.2) with 2>1> k> 1.5, when Propositionsl, 2 hold.

Lemma 5. For 2 >1>k>1,5 under condition A, we have
W (—Le + M N, — (—L + MY*N ||, = o (1) 2.4
The proof uses the same methods as in Lemma 1. We make use of Lemma 4.

Proposition 3. Under condition A, we have the following asymptotic behaviour of the
natural frequencies {ey®} = , of the plate oscillations:

sup dist (w®, Q) = o (1), sup dist (o, Q) = o (1)
00, o=Q

where {wy} =R are the natural frequencies found by solving the problem (which describes the
natural oscillations of a homogeneous plate)

~Lwy + Mwy, = o {p) (x) wy (2.5)

In view of (2.4), the proof follows at once from /12, p.365/. It has to be borne in
mind that the operators (—L, 4+ M,)'N, and (—L + M)'N are compact and selfadjoint.

Note 2. All the above results extend to the case of the bending and oscillation of an
inhomogeneous beam {Q = [a, b]).

Example. To illustrate the application of ocur results, consider the example of the
oscillations of an inhomogeneous beam (see Note 2). In this case

d2 d2 d d
Lez---a?<De(J—‘)E‘{)y M, = E(G};‘) (2.6)

The force ¢ along the beam axis is (4 — B)/[(a — b) (1/E®}, where A and B are the displacements
of the beam ends with coordinates a,b.

Note 3. 1In the present case the G-limit of the sequence of operators L, exists, if the
function 1/D®(2) has a weak limit in Z,(le,)) as e—0 (possibly with probabilitv unity) /16/.
Put D = 1/<4/D%), where (.) is the operation of taking the weak limit in L;([a, B]). We
consider for simplicity the case when D is independent of z (which is the case when D%(2) is

a periodic function), Then /16/, L = —Da¥dxt. Problem {(2.5) here takes the form

d‘wk dw,,
A TR T oy

Assume that the beam, while made of homogeneous material, has a variable cross—-sectional
area (is ribbed or has cuts /1/). 1In the case of a ribbed beam D = E4 <" Y121 — ), H/Ef) =
(1/Ey) <b%, where hy(z) is the beam thickness, £, is Young's modulus of the material. 1If the
support is hinged, the natural frequencies of oscillation of the averaged beam can be shown
to be

TWE, (k3 ~ A1 (B — A)/(b — a))
{mk = ® : ay <py y ke N: = Q (2.7
% = {hg¥= (12 (1 — v9)]
Condition A takes the form
Wb — o) £ kDY, Vike N (2.8

By Proposition 3 and Notes 1, 2, the spectrum of the natural frequencies of oscillation
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of the initial inhomogenecus beam converges under condition (2.8) to spectrum (2.7) in the
sense indicated in Proposgition 3.

3. Forced oscillations of an inhomogeneous stressed plate. we consider the
problem of the oscillation of these plates /1, 5, 13/

— Lt + Man® = p®(x) 3%w/dt* + f(x) (3.4)

w? (x, 0)==wp (x), Ouw/dt(x,0)=wy(x), ws, vy = L:(Q) (3.2)

Formalization and solvability of problem (3.1), (3.2) are connected with the positive
definiteness (PD) of its stationary part L. — M, /10, 17/. By hypothesis, operator L, are
positive definite uniformly with respect to &-—0. In the case of homogeneous plates, it
suffices, for PD of operators L, — M,, to limit the discussion to the class of loads which
lead to non-positive definiteness of the stress tensor in the plate plane /13/. 1In an in-
homogeneous plate, however, the stresses 0;#(x) in its plane, found by solving the problem
of the theory of the elasticity of an inhomogeneous plane body, are stresses of general type
and our method cannot be used. Let us show that, for operators L, — M, to be PD uniformly,
starting with some & >0, it suffices to refer the condition for non-positive definiteness
to the averaged stress tensor o,;(x) (which defines the operator M, see Proposition 2).

We introduce the sphere Sy ={ucs HZ2(Q) :llul, <1}

Lemma 6. Given any & >0, there exists £,{(8) >0 such that, for all w8 (1) and
e < gy (6), we have

{Lgtt, upy — (Mg, Yy > ¢ — {(Mu, ud, — 8 (3.3)

Proof. 1In view of the conditions imposed on L,: (Lu,uws>e¢, Vues §(I). Since the imbedding
of H2(Q) into HF(Q) 1is compact for k<2, there exists in §{4) the finite ¢&%-mesh

{%}L‘leok (O} (N = N (&} < 0}, By the conditions imposed on the operators M, (1.2}, given any
ve S{1), there 1is an element u, of the e°~-mesh such that

[ <Mty g — (Myun, unds| <5 Ce® (3.4)
where the constant €< o on the right-hand side can be chosen independently of ue §(1).
Moreover, since the sequence of operators M,is strongly convergent to the operator M in
H*{Q) and the &°-mesh is finite for anv s, starting with some g {¥)>0, we have

[ <Mun, undg — (Mun, unds | < &° 3.5
Vup, = {“‘1‘!,11:;11 N=N() < o

We consider 6>0 and choose ¢ from the condition (e« 8/3 (see (3.4)), then choose
g (N)>0 from the condition £°« 8/3 (see (3.5)). Then, by (3.4) and (3.5), and the inequality
of type {(3.4) for operator M, we see that, for all u=S{I) and e<g (N), the left-hand side
of (3.4) is not greater than 8. From this, and the estimate for <Lgu, w3y, we obtain (3.3).

Lemma 7, Starting with some ¢g,(8) >0, we have
{Latt, upy — {Motty uy Z pllull o Vu e He? (Q) (3.6)

where p is the right-hand side of (3.3).
The lemma is obvious, since the operators L., M, are linear.

Proposition 4. 1If the tensor oy (X) of the average stressed state is non-positive
definite, then, starting from some & >0, the operators L, — M, are positive definite for
all O0<<exQe.

Proof. 1In the present case

(e Mu, Upe = — Y“ij (x) u, ‘.u,jdxzo, Vu ez H*(Q)
2
in view of which it is sufficient to yse Lemmas6and 7, putting 8<e¢2 in (3.3).

We can now use Theorem 6.3 of /17, p.89/ to study the asymptotic behaviour as e->{0 of
the solution of problem (3.1), (3.2). For the theorem to be applicable, the stationary part
of problem (3.1), (3.2), i.e,, the operators L, — M,, must be positive definite, which is the
case here by Proposition 4.

Proposition 5. Let the sequences of opérators L M, be convergent to the operators
L,M in the sense indicated in Proposition 1, and let the tensor oy {x) be non-positive
definite. Then, the segquence of solutions of problem (3.1), (3.2) w*-»ws-weakly in L ({0,
wl, H (@) as e-»0, where w is the solution of the equation

—Lw 4+ Mw = {p) (x)0*w/at* -+ f (x)
with initial conditions (3.2).
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The proof is a repetition of the proof of Theorem 6.3 of /17/ (with suitable replacement
of the functional spaces, since part of the results in /17/ is obtained in the context of a
second-order equation).

Note 4. It is interesting to study problem (3.1), (3.2) in the case when the operators
are non-positive (e.g., oscillations of compressed plate). We showed above that the problem
of the natural oscillations admits of an averaged description in this case, admittedly under
the condition (condition A) that the stresses in the plane of the plate do not lead to loss
of stability; this further poses the question of an average description of the oscillations
when the plate stability is lost or is near to being lost.

Note 5. Our results of Paras.l and 2 can be extended to the case of densely perforated
plates. In the proofs, we then have to use, in addition to ocur above methods, the methods and
results of /18, 19/. By using the results of /20/ we can obtain here explicit expressions
for the averaged characteristics of reticular plates.
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